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Manyengineering systems containuncertainties that cannot be described by either deterministic or probabilistic
approaches. The uncertainties present may be associated with parameters that are vague, imprecise, or linguistic.
For example, the geometry, material properties, external actions (loads), andboundaryconditionsmaybe imprecise
ina practical system. A fuzzy boundaryelement method for the analysisof imprecisely de� ned systems is developed.
Startingfromthebasic conceptsoffuzzy sets andfuzzy arithmetic, the varioussteps of theboundaryelementmethod
are rede� ned using fuzzy concepts. The resulting fuzzy equations are solved using a fuzzi� ed version of Gaussian
elimination procedure coupled with truncation. The truncation method limits the growth of interval ranges of
response parameters to obtain realistic and accurate solutions. The procedure is illustrated by considering the
analysis of a potential � ow problem. The methodology is applicable to uncertain systems that are described in
linguistic terms as well as those that are described by incomplete information. The approach represents a unique
methodology that enables the analysis and design of many engineering systems more realistically.

Introduction

I N the face of global competition, engineers are expected to ana-
lyze, design, and manufacture systems that are reliable and eco-

nomical.This requires that accurateand realisticanalysisand design
methods be available to predict the performanceof the system. The
traditional analysis approaches, which assume system parameters
to be completely deterministic and precise, are not valid in many
cases. Most practical systems involve parameters that are described
by vague, imprecise, and fuzzy statements.

The probabilistic and reliability analysis techniques assume that
the uncertainparameters,such as stress and strengthof a mechanical
system, are described as random variables with known probability
distribution functions. The evaluation of an event, such as the one
involved in the computationof the reliabilityof the system, requires
the integrationof the probabilitydensity functions over appropriate
regions. If the system parameters are described as fuzzy quantities,
probabilistic methods are not applicable, and one has to develop
suitable fuzzy computationalprocedures.

In a mechanicalor structuralsystem, fuzzinessor imprecisioncan
be present in the geometry, material properties, applied loads, and
boundary conditions. The geometric parameters are imprecise due
to manufacturing tolerances, imperfect/inaccuratemachine settings
during production, and human error. The material properties are
imprecise due to uncertain material composition, uncontrollable
manufacturing conditions such as annealing/quenching time and
temperature, as well as unknown environmental conditions of use
such as corrosion, temperature,and humidity. The applied loads are
imprecise due to unpredictable external conditions such as earth-
quakes,windvelocities,and operatingdynamicconditionsinvolved.

In some engineeringproblems, the boundary conditionsmay not
be known precisely.For example,the exact supportconditionsof the
gudgeonpin in a piston, the clevispin in a knuckle joint, or the arbor
in a milling machine are not known. The bolts between a machine
and its foundation may not have been tightened properly. The true
boundary conditions in all of these cases lie somewhere between
simple supports and � xed ends. In the case of stress analysis, let
the elastic region be bounded by a closed curve. The boundary S is
composed of Su and St , where Su and St are parts of the boundary
on which the displacementsand tractionsare speci� ed, respectively.
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Let AB be a crack, BC a � xed edge, AE and CD free edges, and
ED the edge on which load (traction) is applied (Fig. 1). Thus, the
boundary BAEDC denotes St , and BC indicates Su . The degree of
� xation along BC, the length of BC, as well as the magnitude of the
load may have to be treated fuzzy.

The boundary element method has been established as a practi-
cal problem-solving tool and is effectively incorporated into dig-
ital computer algorithms for the analysis of complex engineering
problems. The method was developed essentially from boundary
integral equations. This paper presents a new methodology, based
on fuzzy set theory and boundary element method, for the analysis
of engineering systems involving imprecisely and vaguely de� ned
parameters.

Brief Literature Review
Stochastic Boundary Element Method

Although there is no suitable technique available for the analysis
of all types of imprecision, the stochasticboundary element method
can be used to handle uncertain parameters that are described by
probabilitydistributions.Although the stochasticboundaryelement
method was not developedto the same extent as stochastic � nite el-
ement method,1 several investigations have been made in the past
several years. Nakagiri et al.2 presented a stochastic boundary el-
ement approach for stress analysis problems.2 The application of
boundary element method for the solution of random heat conduc-
tionandgeneralpotentialproblemswas presented.3 5 The boundary
element solution of groundwater � ow problems was considered by
SerranoandUnny,6 Cheng andLafe,7 Chenget al.,8 andKaljevicand
Saigal.9 The boundary integral/element methods for the two- and
three-dimensional thermal and hydroacoustic problems with ran-
dom media were presented by Manolis and Shaw.10;11 The dynamic
analysis of stochastic media by boundary elements was considered
by Callerio et al.12

Lafe and Cheng13 presented a global-interpolation-function-
based boundary element method for deterministic, nonhomoge-
neous and stochastic � ows in porous media. A boundary element
method for stochastic � ow problems in a semicon�ned aquifer with
random boundary conditions was presented by Zhu and Satish in
Ref 14.Other investigationson stochasticboundaryelementmethod
include those of Breitung et al.15 and Roy and Grilli.16

Fuzzy Approach
Although fuzzy set theory was developedin 1965,17 not many ap-

plicationsresulted for severalyears.However, recentapplicationsof
fuzzy set theory to scienti� c areas such as arti� cial intelligence,im-
age processing,speechrecognition,biologicalandmedicalsciences,
decision theory, economics, geography, sociology, psychology,
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Fig. 1 Boundary conditions.

linguistics, and semiotics indicate that fuzzy set theory may not
be a theory in search of applications but indeed a useful tool for
the quanti� cation of impreciseness and vagueness present in many
real-lifeproblems.Most engineeringapplicationsof fuzzyset theory
have been in the areas of controls, decision making, and optimiza-
tion. Rao18;19 presented a fuzzy approach for the description and
optimum design of imprecisely de� ned mechanical and structural
systems involvingsingleand multiple objectives.Rao and Sawyer20

presented a fuzzy � nite element method for the modeling and anal-
ysis of uncertain engineering systems.

Fuzzy Analysis
Fuzzy Description

In any design problem, it is dif� cult to initially � x the values of
the variables involved.Similarly, the conclusionof a design process
may not be expressible as a unique result. Actually, it is desirable
to obtain a range of data to be able to judge the satisfaction levels
of different design criteria to � nd the best manufacturing strategy.
This implies that, in most cases, we may not be able to describe
a problem using precise numbers or de� ne a design domain with
crisp boundary. The problem is stated in a linguistic manner with
imprecise information.Usually, each imprecise variable is assigned
a range of values, which leads to a range of design performance.

A linguistic statement can be viewed as a fuzzy set that displays
the distributionof a parameter. The distribution of a linguistic vari-
able can be describedusing a suitablefunction,called a membership
function, whose value ranges from 0 to 1. If the membership value
is equal to 0 for a speci� ed value of the parameter, it implies that the
value is de� nitelyoutside the fuzzy set.Similarly, if the membership
value is equal to 1 for some parameter, it means that the value is
de� nitelya member of the fuzzy set. Those values with membership
between0 and1 arede� ned vaguely.From a designpointof view, the
value of membership functionchanges from 0 to 1, where 0 denotes
the boundary of design permission (border of design prohibition)
and 1 denotes the precise or crisp design character.

Fuzzy Numbers
To present the concept of a fuzzy number mathematically, let X

be a crisp set of objects,called the universe,whose generic elements
are denoted x . The membership for a crisp subset F of X can be
viewed as a characteristicfunction ¹F with

¹F .x/ D
»

1 if x 2 F

0 if x 62 F
(1)

The set f0; 1g is known as a valuationset, which representsa gradual
change of membership degree rather than abrupt transition from
membership to nonmembership.The set F is taken as a fuzzy set if
the valuation set is allowed to be the real interval [0; 1]. A fuzzy set
F is characterizedby the set of pairs

F D f[x; ¹F .x/]; x 2 X g; 0 · ¹F .x/ · 1 (2)

where ¹F .x/ is the grade of membership function or degree of
compatibility of x to F . The more ¹F .x/ is closer to 1, the more
x will belong to F . The membership function re� ects the degree
of belongingness that can be constructed on the basis of statistical
data. For example, in some cases, the probability density function
can be applied to describe the membership function21

¹.x/ D p.x/=max[p.x/] (3)

where p.x/ is the probability density function. Note that not all
fuzzy sets have statistical basis for the de� nition of their member-
ship functions.Although most of the practical fuzzy quantitieshave
nonlinear membership functions, linear membership functions are
commonly used for simplicity in numerical computations.

Fuzzy Arithmetic
The operation between two fuzzy sets A and B can be written

as22

¹C D A ¤ B .z/ D V
z D x ¤ y

[¹A.x/ ^ ¹B .y/]; 8x; y; z 2 R (4)

where ¤ denotes an arithmetic operation such as C, , £, ¥. It
denotes a combination of max–min operations performed on the
membership values of the elements of fuzzy set. Note that the num-
ber of elements in the fuzzy set C resulting from a series of fuzzy
operations will become quite large if the max–min convention is
used in each operation. Thus, there is a need to � nd a convenient
way to express fuzzy numbers and their operations for a realistic
prediction of the performance of a practical system.

®-Level Cuts for a Fuzzy Number
An interval expressionis a convenientway to express fuzzy num-

bers as sets of upper and lower bounds of a � nite number of ®-cut
subsets. De� ned by different grades of compatibility to a design
speci� cation, these design values in a fuzzy set can be grouped
further in the expression for interval numbers. Each level has a
membership value that represents the degree of design constraint
satisfaction. If F is a fuzzy number with its membership function
¹F determinedthrougha seriesof fuzzyoperations,its ®-cut subsets
are de� ned as

F® D fx 2 X; ¹F .x/ ¸ ®g; 0 · ® · 1 (5)

For the i th ® cut, the upper and lower bounds ( f L and f U ) are given
by

f L D minf f : f 2 F®g (6)

f u D maxf f : f 2 F®g (7)

For a given variable, if n sets of ® level are established for all fuzzy
quantities of the variable, a 2 by n array can be used to represent all
of these quantities as follows:

F D
©
. f L ; f U /1; . f L ; f U /2; : : : ; . f L ; f U /n

ª
(8)

In addition, each fuzzy number possesses two attributes, convexity
and normality.Convexity requires that the shape of the membership
functionbe convex,whereasnormality implies that the highestgrade
of membership function is equal to 1.

In this work, the ranges of parameters are assumed to be dis-
tributed linearly. Given three bounding values of F , we can obtain
the two intervalvaluesat any speci� ed ® level,¹.F/ D ®, as (Fig. 2)

F® D . f
®
; Nf®/ D [® f1 C .1 ®/ f

0; ® f1 C .1 ®/ Nf0] (9)

Fig. 2 Triangular fuzzy set.
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When ¹.F/ D 0, then F0 D . f
0
; Nf0/, and when ¹.F/ D 1, then

F1 D f1 . Once the fuzzyquantitiesare expressedin intervalform, the
fuzzy arithmetic operations can be carried using interval operations
at each of the n ® levels independently.

Interval Operations
The interval arithmetic operations on real numbers are de� ned

as23

[a; Na] ¤ [b; Nb] D fx ¤ yja · x · Na;b · y · Nbg (10)

where ¤ denotesan arithmetic operationsign, such as C, , £ (or ¢),
or ¥ (or /). The division operation [a; Na]=[b; Nb] is de� ned only if
0 62 [b; Nb]. More explicitly, Eq. (10) can be expressed as

[a; Na] C [b; Nb] D [a C b; Na C Nb] (11)

[a; Na] [b; Nb] D [a Nb; Na b] (12)

[a; Na] ¢ [b; Nb] D [min.ab; a Nb; Nab; Na Nb/; max.ab; a Nb; Nab; Na Nb/] (13)

[a; Na]=[b; Nb] D [a; Na] ¢ [1= Nb; 1=b] if 0 62 [b; Nb] (14)

Note that a real number a is denoted by a degenerate interval [a, a].
Equation(10) indicatesthat intervaladditionand intervalmultiplica-
tion are both associativeand commutative.Althoughthe distributive
law does not hold true always, the subdistributivelaw and the inclu-
sion monotonicity law hold true. The interval arithmetic operations
can be extended to matrix computations.

Manipulationof Linguistic Variables
As stated earlier, a problem can be described in a linguistic style:

a statement assembled by words with a vague meaning associated
with thewords.Some labelssuchas “strong,� exible,tall, and large”;
hedges such as “very, quite, greatly, and extremely”; negation such
as “not, none, and neither”; and connectives such as “and, but, and
or” can be composed together to de� ne a complicated linguistic
statement. However, a convert rule can be used to transform such
statements into equivalent fuzzy representations.24 26 If A and B
denote two fuzzy sets used to describe the yield strength of a mate-
rial, then some of the possible linguistic statements are indicated in
Table 1.

Fuzzy Integration27;28

Considera fuzzyfunction Qf to be integratedover thecrisp interval
[a; b]. The function Qf .x/ can be considered to be a fuzzy number
whose ®-level curves are de� ned as ¹ Qf .x/.y/ D ® for all ® 2 [0; 1]
and the parameters x and ® are assumed to have two continuous
solutions, y D f C

® .x/ and y D f® .x/ for ® 6D 1 and one solution for
® D 1. The solutions f C

® .x/ and f® .x/ satisfy the relation

f C
®1

.x/ ¸ f C
® .x/ ¸ f .x/ ¸ f® .x/ ¸ f®1

.x/ for all ®1 ¸ ®

Then the integral of Qf .x/ over [a, b] is de� ned as

QI .a; b/ D

(Á Z b

a

f
® .x/ ¢ dx C

Z b

a

f C
® .x/ ¢ dx

!
; ®

)
(15)

which can be seen to be a fuzzy set in which the degree of member-
ship ® is assigned to the integral of any ®-level curve of Qf .x/ over

Table 1 Fuzzy representation of typical linguistic statement

XLinguistic
Set statement 1 2 3 4 5 6

A Low 0.10 0.30 0.50 0.70 0.90 1.00
NA Not low 0.90 0.70 0.50 0.30 0.10 0.00
A2 Very low 0.01 0.09 0.25 0.49 0.81 1.00
NA2 Not very low 0.99 0.91 0.75 0.51 0.19 0.00
B High 1.00 0.80 0.60 0.40 0.20 0.00
B2 Very high 1.00 0.64 0.36 0.16 0.04 0.00
A2 [ B2 Very low or very high 1.00 0.64 0.36 0.49 0.81 1.00
A2 [ NA2 Low but not very low 0.10 0.30 0.50 0.51 0.19 0.00

[a; b]. Equation (15) is consistent with the extension principle. Al-
ternatively, if L R representationis used for fuzzy numbers, Qf .x/ is
assumed to be

Qf .x/ D [ f .x/; s.x/; t .x/]L R (16)

for all x 2 [a; b], where the mean function f .x/ and the spread func-
tions s.x/ and t .x/ are positive integral functionson [a; b]. Accord-
ing to Dubois and Prade,29 the integral QI .a; b/ can be represented
as

QI .a; b/ D

Á Z b

a

f .x/ ¢ dx;

Z b

a

s.x/ ¢ dx;

Z b

a

t .x/ ¢ dx

!

L R

(17)

Next, consider the integrationof a crisp function f .x/ over a fuzzy
domain (interval) bounded by two normalized convex fuzzy sets Qa
and Qb with membershipfunctions¹ Qa.x/ and ¹ Qb.x/ that can be inter-
preted as the degrees of con� dence to which x can be consideredas
a lower and an upper bound of the fuzzy domain. If a0 and Nb0 denote
the lower and upper limits of the supports of Qa and Qb, respectively,
the membership function of the integral QI can be represented as

¹
QI
.z/ D sup

x ;y 2 K
min

h
¹
Qa
.x/; ¹

Qb
.y/

i
(18)

where

z D
Z y

x

f .x 0/ ¢ dx 0

The described procedure can be extended to evaluate the fuzzy
integral I of a fuzzy function over a fuzzy interval. In this case,
the limits of integration are fuzzy numbers. For a given ® level,
there will be lower and upper bounds for the lower and upper limits
of integration. Thus, there are four combinations of crisp intervals
of integration and, hence, four combinations of crisp intervals of
integration.To � nd the ®-cut bounds [I L ; I R], the procedurefor the
integration of a fuzzy function over a crisp interval outlined earlier
is used to evaluate the integral for each of the four possible crisp
intervals of integration. The lower limit I L is simply the minimum
of these four values resulting from the integration of f® .x/. The
upper bound I R is the maximum of these four values resulting from
the integration of f C

® .x/. For example, to evaluate the integral of
a fuzzy function over a fuzzy interval at six ® levels, a total of 48
deterministic integral operationswould have to be performed.

Fuzzy Boundary Element Method (Fuzzy BEM)
In traditional boundary element methods, the boundary integral

equation is expressed in matrix form by evaluatingthe integrals nu-
merically to generate the coef� cients (elements) of the boundary
integral matrices. The resulting boundary integral equations can be
expressed,by incorporatingthe boundaryconditions,as a system of
matrix equations. These equations are solved using a suitable tech-
nique such as Gaussian eliminationor one of its variants. In the case
of fuzzy boundary element method (BEM), the system parameters
such as boundary conditions and geometry, material properties, as
well as external conditions (applied loads), are assumed to be un-
certain and imprecise.Thus, the boundary integrals involvingfuzzy
parameters are to be evaluated over fuzzy regions. The resulting
system of equations are to be solved using methods based on fuzzy
arithmetic. All of these theoretical and computational aspects are
discussed in the following section.

Basic Procedure
Let a potentialproblembe de� ned over thedomainV with bound-

ary S. The boundary conditions include Dirichlet conditions of the
type u.x/ D u0.x/ over S1 and Neumann conditions of the type
@u=@n.x/ D q0.x/ over S2 with S D S1U S2 , where u0.x/, q0.x/, as
well as S1 and S2 may containfuzzy information.In the BEM, nodes
are introducedalong theboundary S and the basicprocedureapplied
to solvea problemusing the BEM can be describedby the following
steps.
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Fig. 3 Relationship between source point and � eld point.

Governing Equation
The potential � ow is governed by the Poisson equation:

k r 2u D b (19)

where b is the internal source, k is the conductivityof the material,
and u is the response function,such as temperature in a heat transfer
problem. When the divergence theorem is applied, Eq. (19) can be
used to obtain

u.p/ C
Z

S

q¤u dS D
Z

S

u¤q dS (20)

where u. p/ is the value of u at the source point p, u¤ and q¤ are the
fundamental solutions that represent the potential and � ux density,
respectively,resultingfroma pointsource in an in� nite material, and
S is the surfaceor boundaryof the region.If r is the distancebetween
the source point (an arbitrarypoint) and the � eld point (a point in an
element on the boundary) with rx and ry denoting the components
of r along the x and y directions (Fig. 3), the fundamental solutions
for an isotropic material are given by

u¤ D 1
2¼

³
1
r

´
(21)

q¤ D @u¤

@n
D @u¤@r

@r@n
D 1

2¼r 2
.rx nx C ry n y/ (22)

If the domain and the boundary are de� ned imprecisely, the radius
vector r and the components rx , ry , nx , and n y are to be treated as
fuzzy quantities.

Boundary Integral Equation
To takecare of points p placedat differentlocationson the bound-

ary, a multiplier c.p/ is introduced as

c.p/ D µ=2¼ (23)

where µ is the angle subtended by the material around the source
point and the resulting boundary integral equation is rewritten as

c.p/u. p/ C
Z

S

q¤u dS D
Z

S

u¤q dS (24)

Equation (23) indicates that c.p/ is equal to 0 if p is located com-
pletely outside the material and 0.5 if p is situated on a smooth
boundary. If the domain is fuzzy, c. p/ appearing in Eqs. (23) and
(24) is also to be treatedas a fuzzyquantity.The integralsin Eq. (24)
are to be evaluated using the fuzzy integrationprocedures indicated
earlier.

Discretization
When theboundaryis dividedintoelements (Fig. 4), theboundary

integral equation can be written in a discrete form:

c.p/u.p/ C
X

e

Z

S.e/

q¤u dS D
X

e

Z

S.e/

u¤q dS (25)

where S.e/ is the boundary of element e. The variations of u and q
inside a typical element e are expressed, using suitable interpola-
tion (shape) functions to describe the geometry and nodal values of
potential and � ux density over each element, as

u D 8T u.e/; q D 8T q.e/ (26)

Fig. 4 Element meshes: constant and linear elements.

Fig. 5 Relationship of source point to � eld point of linear boundary
element.

where 8T D [Á1; Á2; : : : ; Án ] is the set of interpolation functions,
u.e/T D [u1; u2; : : : ; un], q.e/T D [q1; q2; : : : ; qn ], and n is the num-
ber of nodes in element e. In view of Eq. (26), Eq. (25) can be
expressed as

c.p/u. p/ C
X

e

Z

S.e/

q¤8T dS ¢ u.e/ D
X

e

Z

S.e/

u¤8T dS ¢ q.e/

(27)

For a linear element, the interpolation(shape) functions are de� ned
in terms of the local coordinate » as

Á1 D 1
2 .1 »/; Á2 D 1

2 .1 C »/ (28)

where the nodes are placed on both ends of the element of length
L e and Á1 and Á2 represent their corresponding shape functions.

Matrix Equations
During numerical computation, the integral terms are to be eval-

uated for each combination of source and � eld points using their
nodal information. For example, as shown in Fig. 5, if node i de-
notes the source point, its effect on element e, which is composedof
nodes j and k, can be determined by expressing the integral terms
of Eq. (27) as
Z

S.e/

q¤[Á1 Á2] dS

»
u j

uk

¼
D [ Nhi; j

Nhi;k ]

»
u j

uk

¼
D Nh i; j u j C Nhi;k uk

.29/

Z

S.e/

u¤[Á1 Á2] dS

»
q j

qk

¼
D [gi; j gi;k ]

»
q j

qk

¼
D gi; j q j C gi;k qk

.30/

Using p-pointGaussian integration,the coef� cients gi; j and Nhi; j can
be expressed as

Nha
i; j D

l j

2

Z 1

1

1

2¼r 2
.rx nx C ry n y/

1

2
.1 »/ d»

D
l j

4¼

pX

1

!k .1 ¸k /
.rx n x C ryn y /¡

r 2
x C r 2

y

¢ (31)
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ga
i; j D

l j

2

Z 1

1

1

2¼
.r /

1

2
.1 »/ d»

D
l j

4¼

pX

1

!k .1 ¸k/
¡q

r 2
x C r 2

y

¢
(32)

where !k are the weighting factors and a denotes the � rst node.
When the second (end) node is denoted as b, the two integral terms
will yield

Nhb
i; j D

l j

2

Z 1

1

1

2¼r 2
.rx nx C ry n y/

1

2
.1 C »/ d»

D
l j

4¼

pX

1

!k ¸k
.rx nx C ryn y/¡

r 2
x C r 2

y

¢ (33)

gb
i; j D

l j

2

Z 1

1

1

2¼
.r /

1

2
.1 C »/ d»

D
l j

4¼

pX

1

!k ¸k

¡q
r 2

x C r 2
y

¢
(34)

When the source and � eld points coincide (i D j ), the coef� cients
gi; j and Nh i; j are given by Nh i;i D 0 and

gii D 1

2¼

(
li 1

2

Z 1

1

µ
li 1

li 1.1 C »/

2

¶
1

2
.1 C »/ d»

C
li

2

Z 1

1

µ
li .1 C »/

2

¶
1
2

.1 »/ d»

)

D
li 1

4¼

µ
3
2

.li 1/

¶
li

4¼

µ
3
2

.li /

¶
(35)

By de� ning

h i; j D
» Nh i; j C c.p/ if i D j

Nh i; j if i 6D j
(36)

Eq. (27) can be written as
X

e

£
H.e/

¤
¢ u.e/ D

X

e

£
G.e/

¤
¢ q.e/ (37)

By changingthe sourcepoint fromnode i to anothernode,a different
set of integraltermscan be derivedfor eachelementon the boundary.
If the total number of nodes in the model is N , the point source can
be located at each of the N nodes in sequence, and N sets of equa-
tions can be derived.The � nal equations can be expressed in matrix
form as

H
.N £ N /

u
.N £ 1/

D G
.N £ N /

q
.N £ 1/

(38)

Equation (38) can be solved by incorporating the known boundary
conditions.

Solution of Fuzzy Equations
Note that the matrices H and G are N £ N fuzzy matrices and u

andq are N -componentfuzzyvectors. If the®-cuts approachis used,
different sets of Eq. (38) will be valid at different ®-cuts. Usually,
N1 fuzzy values of u and N2 fuzzy values of q are known on S1 and
S2 , respectively,and hence, there are only N fuzzy unknowns in the
system of Eq. (38). When the system is rearranged, the set of fuzzy
equations to be solved can be expressed as

Ax D b (39)

where A D [ai j ] and b D fbi g denote the input fuzzy coef� cient ma-
trix and fuzzy right hand side vector, respectively,and x D fxi g rep-
resents the fuzzy (output) solutionvector. If fuzzy numbers are con-
sidered in terms of intervals of con� dence at � nite ® levels, the
problem of solving systems of fuzzy equations can be reduced to

solving systems of interval equations.30 The exact solutions to a
system of interval equations, that is, the interval vector with the
smallest radius, is called the hull of the solution set. The computa-
tion of the hull of the solution set, in general, is extremely dif� cult.
According to Neumaier,23 for dimensions N larger than about � ve,
practical methods are available only in special cases. The necessary
and suf� cient conditions for the existence of a unique solution to
a single fuzzy algebraic equation are given by Zhao and Govind.31

For the fuzzy expression Ax D b, the relative spread of b, de� ned
as .bR=bL /a for every level ®, must be greater than or equal to the
relative spread of A for a solution x to exist. The suf� cient condi-
tions state that, for a system of fuzzy equations Ax D b, the degree
of uncertainty in a matrix A determines the minimum degree of un-
certainty that must be present in the vector b for a solution to exist.
Thus, unlikethe case for real valuedequations,there is a dependence
between the matrix A and the vector b.

Several methods have been proposed in recent years for the solu-
tion of fuzzy equations Ax D b. At any particular ® level, denoting
the solution as fx; Nxg ´ f.x L

1 ; x R
1 /; .x L

2 ; x R
2 /; : : : ; .x L

N ; x R
N /g, an un-

constrained minimization problem can be formulated to reduce the
differencebetween the vectors [A; NA]fx; Nxg and fb; Nbg. A numerical
method, based on the Taguchi approach, was presented by Rao and
Chen32 for the solution of Eq. (39). A two-level fractional facto-
rial design of experiments based on orthogonal arrays was utilized
to carry out the interval implementation.The Gaussian elimination
method can be used by replacing crisp arithmetic operations by
fuzzy relations. However, with interval arithmetic operations, the
ranges of the elements of the solution vector x will be wider than
the exact ranges. Thus, the solution might be incorrect, especially
when largenumberof equationsare involved.In this work, the fuzzy
version of the Gaussian elimination method, coupled with a trunca-
tion procedure,33 is used to solve Eq. (39). In the truncationmethod,
the relativewidths or spreads of the input parameters about their re-
spective central value are noted. If the relative width of a computed
response quantity about its central value is observed to be much
larger than a maximum limit, speci� ed based on the relative widths
of the input parameters, the width of the computed response is trun-
cated at the speci� ed maximum limit. Let [a; Na] and [b; Nb] be the
input numbers and [c; Nc] be the result of arithmetic operation. Cor-
responding to the central values of the input variables a0 D 1

2 .a; Na/

and b0 D 1
2 .b; Nb/, let the crisp result be c0. The maximum relative

deviation of the input parameters t is given by

t D max[. Na a/=a0; . Nb b/=b0]

The deviations in the response are de� ned as

11 D j.c0 c/=c0j; 12 D j. Nc c0/=c0j

and total deviation is

1 D 11 C 12 D . Nc c/=c0

When the maximum permissible relative deviation of c is defered
as 2t , the truncationprocedure is implementedas follows33: 1) trun-
cate [c; Nc] as [d; Nd] with d D c and Nd D Nc if 11 · t and 12 · t ,
2) d D c0 C t.c c0/ and Nd D c0 C t . Nc c0/ if 11 > t and 12 > t ,
3)d D c and Nd D c0 C t . Nc c0/ if11 · t and12 > t , and4) Nd D Nc and
d D c0 C t .c c0/ if 11 > t and 12 · t . This truncation approach,
although approximate, was found to yield reasonably accurate
results.

Numerical Example
To illustrate the BEM using fuzzy ®-cuts analysis, a heat transfer

problem (Fig. 6), is considered. For simplicity, only 12 boundary
elements are used to � nd the temperatures(potentials) and � ux den-
sities over the four edgesof the model. FourGauss integrationpoints
are used for numerical evaluation of the coef� cients gi; j and Nhi; j .
Theboundaryelementanalysisis conductedusingconstantelements
(each of length 1) by treatingall parametersas crisp numbers (using
the same upper and lower limits), and the resulting element temper-
atures and � ux densities are shown in Table 2. The next analysis is
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Table 2 Results of crisp analysis

Element
number Nodal position X Y Temperatures u Flux densities q

1 (1.00, 1.00) (0.00, 0.00) (76.10454,76.10454) (0.00000, 0.00000)
2 (3.00, 3.00) (0.00, 0.00) (23.85633,23.85633) (0.00000, 0.00000)
3 (4.00, 4.00) (1.00, 1.00) (0.00000, 0.00000) ( 56.31438, 56.31438)
4 (3.00, 3.00) (2.00, 2.00) (23.85633,23.85633) (0.00000, 0.00000)
5 (1.00, 1.00) (2.00, 2.00) (76.10454,76.10454) (0.00000, 0.00000)
6 (0.00, 0.00) (1.00, 1.00) (100.00000,100.00000) (56.49581,56.49581)

Table 3 Results with nodal coordinates as interval parameters

Element
number Nodal position X Y Temperatures u Flux densities q

1 (0.49, 0.51) (0.00, 0.00) (73.91549,78.27725) (0.00000, 0.00000)
2 (1.49, 1.51) (0.00, 0.00) (22.31636,25.43906) (0.00000, 0.00000)
3 (1.98, 2.02) (0.50, 0.50) (0.00000, 0.00000) ( 59.86688, 53.10689)
4 (1.49, 1.51) (1.00, 1.00) (22.76732,24.99040) (0.00000, 0.00000)
5 (0.49, 0.51) (1.00, 1.00) (74.25630,77.89499) (0.00000, 0.00000)
6 (0.00, 0.00) (0.50, 0.50) (100.00000,100.00000) (55.05313,58.11695)

Fig. 6 Model of the heat transfer problem.

Fig. 7 Membership function ofx coordinate of node1: , lower bounds
and , upper bounds.

conducted by assuming the nodal coordinates as interval parame-
ters. The input data used and the results (element temperatures and
� ux densities) are shown in Table 3.

The boundary element analysis with the fuzzy ®-cuts method
is conducted by treating both the speci� ed temperatures and nodal
coordinatesas intervalparameters.The membershipfunctionsof the
input data, namely, the x coordinateof node 1 (midpoint of element
1) and temperatures of nodes 6 and 3 are shown in Figs. 7–9. For
simplicity,linearmembershipsare assumedfor the inputparameters.
Six discretevaluesof ® are used in the numericalcomputations.The
numerical resultsobtainedwith various® levels are given in Table 4.
The membership functions of the resulting temperaturesof nodes 1
and 4 (midpoints of elements 1 and 4) are shown in Figs. 10 and 11,
respectively.It can be seen that, although the membership functions
are not strictly linear, the behaviorscan be seen to be similar to those
of the input variables. Figures 12 and 13 show the solution for � ux
densitiesof nodes 6 and 3, which indicate that the interval ranges do
not change in a regular manner. Observe that the exact (crisp) result

Fig.8 Membership function of temperature ofnode6: , lower bounds
and , upper bounds.

Fig.9 Membership function of temperature ofnode3: , lower bounds
and , upper bounds.

Fig. 10 Interval range, output data: temperatures node 1; , lower
bounds; and , upper bounds.

(when ® D 1) is not included in the interval range corresponding to
the � rst level (when ® D 0), although the interval range of the result
is reduced with the increase of ® level. Furthermore, the range of
the parameter in each lower level continues to decrease instead of
increase.Evenwhen® D 0:8, the intervalrangeis foundto bebeyond
the ranges corresponding to the lower levels, which means that we
cannot expect the correct range by judging only from the solution
of a lower ® level.
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Table 4 Results with nodal coordinates and speci� ed temperatures as interval parameters

Element Nodal position Nodal position
number X coordinate Y coordinate Temperatures u Flux densities q

® Value 0.0
1 (0.490, 0.510) (0.000, 0.000) (73.18640,79.10325) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (22.07362,24.82181) (0.00000, 0.00000)
3 (2.000, 2.000) (0.490, 0.510) ( 1.00000, 1.00000) ( 55.04684, 54.22866)
4 (1.500, 1.500) (1.000, 1.000) (22.21874,24.72392) (0.00000, 0.00000)
5 (0.490, 0.510) (1.000, 1.000) (73.40370,79.02527) (0.00000, 0.00000)
6 (0.000, 0.000) (0.490, 0.510) (99.00000, 101.00000) (57.68102, 61.26431)

® Value 0.2
1 (0.492, 0.508) (0.000, 0.000) (73.36914,79.00032) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (22.14524,24.88318) (0.00000, 0.00000)
3 (2.000, 2.000) (0.492, 0.508) ( 0.80000, 0.80000) ( 58.08942, 51.75895)
4 (1.500, 1.500) (1.000, 1.000) (22.56064,24.51249) (0.00000, 0.00000)
5 (0.492, 0.508) (1.000, 1.000) (73.94673,78.42147) (0.00000, 0.00000)
6 (0.000, 0.000) (0.492, 0.508) (99.20000, 100.80000) (57.66912, 60.23200)

® Value 0.4
1 (0.494, 0.506) (0.000, 0.000) (74.07705,78.31200) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (22.60026,24.58305) (0.00000, 0.00000)
3 (2.000, 2.000) (0.494, 0.506) ( 0.60000, 0.60000) ( 57.52501, 52.93470)
4 (1.500, 1.500) (1.000, 1.000) (22.89510,24.31995) (0.00000, 0.00000)
5 (0.494, 0.506) (1.000, 1.000) (74.48785,77.82788) (0.00000, 0.00000)
6 (0.000, 0.000) (0.494, 0.506) (99.40000, 100.80000) (57.54393, 59.24036)

® Value 0.6
1 (0.496, 0.504) (0.000, 0.000) (74.76868,77.54880) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (23.03675,24.31196) (0.00000, 0.00000)
3 (2.000, 2.000) (0.496, 0.504) ( 0.40000, 0.40000) ( 57.04119, 54.08512)
4 (1.500, 1.500) (1.000, 1.000) (23.22235,24.14634) (0.00000, 0.00000)
5 (0.496, 0.504) (1.000, 1.000) (75.02753,77.24410) (0.00000, 0.00000)
6 (0.000, 0.000) (0.496, 0.504) (99.60000, 100.40000) (57.30646, 58.28818)

® Value 0.8
1 (0.498, 0.502) (0.000, 0.000) (75.43708,76.82105) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (23.53426,24.16714) (0.00000, 0.00000)
3 (2.000, 2.000) (0.498, 0.502) ( 0.20000, 0.20000) ( 57.06720, 55.59831)
4 (1.500, 1.500) (1.000, 1.000) (23.62652,24.08436) (0.00000, 0.00000)
5 (0.498, 0.502) (1.000, 1.000) (75.56638,76.67032) (0.00000, 0.00000)
6 (0.000, 0.000) (0.498, 0.502) (99.80000, 100.20000) (56.21524, 56.70574)

® Value 1.0
1 (0.500, 0.500) (0.000, 0.000) (76.10454,76.10454) (0.00000, 0.00000)
2 (1.500, 1.500) (0.000, 0.000) (23.85633,23.85633) (0.00000, 0.00000)
3 (2.000, 2.000) (0.500, 0.500) (0.00000, 0.00000) ( 56.31438, 56.31438)
4 (1.500, 1.500) (1.000, 1.000) (23.85633,23.85633) (0.00000, 0.00000)
5 (0.500, 0.500) (1.000, 1.000) (76.10454,76.10454) (0.00000, 0.00000)
6 (0.000, 0.000) (0.500, 0.500) (100.00000,100.00000) (56.49581, 56.49581)

Fig. 11 Interval range, output data: temperatures, node 4; , lower
bounds; and , upper bounds.

Fig. 12 Interval range, output data: � ux density, node 6; , lower
bounds; and , upper bounds.

Fig. 13 Interval range, output data: � ux density, node 3; , lower
bounds; and , upper bounds.

A possible reason or hypothesis that led to this result is the use
of Gauss elimination for solving matrix interval equations. Dur-
ing Gauss elimination, the elements of equations related to the � ux
density are very sensitive to the computational operations; small
changes in certain elements lead to large differences in the results.
The small tolerances (ranges) considered as interval values re� ect
this kind of possibility. To verify the hypothesis, the Gauss elimi-
nation is used, with linear elements, to perform crisp calculations
instead of interval analysis, taking the lower and upper bounds of
interval values, respectively, as the input data, and the results ob-
tained are indicated in Figs. 14–17. Comparing these solutionswith
the corresponding results shown in Figs. 10–13, it can be observed
that the results have been improved substantially.
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Table 5 Results with linear elements and nodal coordinates as interval parameters

Element no.
(nodes) First nodal position X Y Temperatures u Flux densities q

01 (01 02) (0.00, 0.00) (0.00, 0.00) (100.00000, 100.00000) (21.34625, 24.40519)
02 (02 03) (0.49, 0.51) (0.00, 0.00) (73.46811, 78.77365) (0.00000, 0.00000)
03 (03 04) (1.00, 1.00) (0.00, 0.00) (48.80527, 51.28352) (0.00000, 0.00000)
04 (04 05) (1.49, 1.51) (0.00, 0.00) (03.15515, 24.69183) (0.00000, 0.00000)
05 (05 06) (2.00, 2.00) (0.00, 0.00) (0.00000, 0.00000) ( 26.99403, 19.99784)
06 (06 07) (2.00, 2.00) (0.49, 0.51) (0.00000, 0.00000) ( 58.34694, 55.72943)
07 (07 08) (2.00, 2.00) (1.00, 1.00) (0.00000, 0.00000) ( 26.90365, 20.1080)
08 (08 09) (1.49, 1.51) (1.00, 1.00) (23.13027, 24.59735) (0.00000, 0.00000)
09 (09 10) (1.00, 1.00) (1.00, 1.00) (48.84114, 51.24222) (0.00000, 0.00000)
10 (10 11) (0.49, 0.51) (1.00, 1.00) (73.16183, 79.28561) (0.00000, 0.00000)
11 (11 12) (0.00, 0.00) (1.00, 1.00) (100.00000, 100.00000) (21.44920, 24.36966)
12 (12 13) (0.00, 0.00) (0.49, 0.51) (100.00000, 100.00000) (53.24174, 59.70083)

Table 6 Results with linear elements and nodal coordinates and speci� ed temperatures as interval parameters

Element no.
(nodes) First nodal position X Y Temperatures u Flux densities q

® Value 0.0
01 (01 02) (0.000, 0.000) (0.000, 0.000) (99.00000, 101.00000) (15.19668, 28.71217)
02 (02 03) (0.490, 0.510) (0.000, 0.000) (72.54857, 79.97842) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (47.29413, 53.10330) (0.00000, 0.00000)
04 (04 05) (1.490, 1.510) (0.000, 0.000) (21.84369, 26.24462) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) ( 1.00000, 1.00000) ( 32.77940, 16.06975)
06 (06 07) (2.000, 2.000) (0.490, 0.510) ( 1.00000, 1.00000) ( 63.21011, 51.86862)
07 (07 08) (2.000, 2.000) (1.000, 1.000) ( 1.00000, 1.00000) ( 32.74636, 16.10911)
08 (08 09) (1.490, 1.510) (1.000, 1.000) (21.83028, 26.14464) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (47.33029, 53.05787) (0.00000, 0.00000)
10 (10 11) (0.490, 0.510) (1.000, 1.000) (72.26024, 80.50919) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (99.00000, 101.00000) (15.31628, 28.68861)
12 (12 13) (0.000, 0.000) (0.490, 0.510) (99.00000, 101.00000) (46.38347, 65.35538)

® Value 0.6
01 (01 02) (0.000, 0.000) (0.000, 0.000) (99.00000, 100.40000) (20.48084, 25.50030)
02 (02 03) (0.496, 0.504) (0.000, 0.000) (74.62815, 77.55087) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (48.88970, 51.15074) (0.00000, 0.00000)
04 (04 05) (1.496, 1.504) (0.000, 0.000) (23.06177, 24.78211) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) ( 0.40000, 0.40000) ( 26.67859, 19.94060)
06 (06 07) (2.000, 2.000) (0.496, 0.504) ( 0.40000, 0.40000) ( 58.64665, 55.26485)
07 (07 08) (2.000, 2.000) (1.000, 1.000) (0.400000,0.40000) ( 26.61879, 20.00961)
08 (08 09) (1.496, 1.504) (1.000, 1.000) (23.04850, 24.74607) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (48.90413, 51.13567) (0.00000, 0.00000)
10 (10 11) (0.496, 0.504) (1.000, 1.000) (74.49502, 77.74660) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (99.60000, 100.40000) (20.51836, 25.48287)
12 (12 13) (0.000, 0.000) (0.496, 0.504) (99.60000, 100.40000) (53.09150, 60.51192)

® Value 1.0
01 (01 02) (0.000, 0.000) (0.000, 0.000) (100.00000, 100.00000) (23.15176, 23.15176)
02 (02 03) (0.500, 0.500) (0.000, 0.000) (76.08048, 76.08048) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (49.99986, 49.99986) (0.00000, 0.00000)
04 (04 05) (1.500, 1.500) (0.000, 0.000) (23.91960, 23.91960) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) ( 0.00000, 0.00000) ( 23.15139, 23.15139)
06 (06 07) (2.000, 2.000) (0.500, 0.500) ( 0.00000, 0.00000) ( 56.89830, 56.89830)
07 (07 08) (2.000, 2.000) (1.000, 1.000) (0.000000,0.00000) ( 23.15138, 23.15138)
08 (08 09) (1.500, 1.500) (1.000, 1.000) (23.91957, 23.91957) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (49.99998, 49.99998) (0.00000, 0.00000)
10 (10 11) (0.500, 0.500) (1.000, 1.000) (76.08045, 76.08045) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (100.00000, 100.00000) (23.15178, 23.15178)
12 (12 13) (0.000, 0.000) (0.500, 0.500) (100.00000, 100.00000) (56.89667, 56.89667)

The analysis is conductedby using linear element (each of length
1) and by treating only the nodal coordinates as interval input pa-
rameters. The speci� ed nodal temperatures are chosen as crisp val-
ues (with the same lower and upper bound values). The results of
analysis are shown in Table 5. Next, the nodal coordinates and the
speci� ed nodal temperatures are assumed to be interval numbers,
and the results of analysis are shown in Table 6 for different values
of ®. As before, linear membership functions are assumed for all
input parameters.The membership functions of the temperaturesof
nodes 2 and 8 as well as those of the � ux densities of nodes 12 and
6 are shown in Figs. 14–17. Figure 14 can be compared with Fig. 10
because, in the case of linear elements, the position of node 2 is
assumed to be same as the positionof node 1 in the case of constant
elements. For similar reasons, Figs. 15–17 can be compared with
Figs. 11–13, respectively.

It can be seen that the distributionsof interval ranges for both the
temperatures and � ux densities have been improved compared to
the constant elements. The results shown in Figs. 14–17 can be seen
to be compatible with the linear interval ranges of the input data.
Finally,theanalysisis conductedbychoosingall of the lowerbounds
of the input nodalpositions,temperatures,and � ux densitiesas crisp
(deterministic) data. Similarly, the analysis is made by using all of
the upper bounds of the input parameters as crisp data. These two
types of analyses are conducted at each discrete ® value separately,
and the results obtained are indicated in Table 7. As can be seen,
this procedure does not involve the interval analysis.

In Table 7, the intervalrangesof the outputparameterscan be seen
to be smaller than those listed in Table 6. This implies that when
intervalmethod is used, the interval ranges of the output parameters
have been increased due to the interval arithmetic process (for the
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Table 7 Results with lower and upper bounds of input parameters as crisp data

Element no.
(nodes) First nodal position X Y Temperatures u Flux densities q

® Value 0.0
01 (01 02) (0.000, 0.000) (0.000, 0.000) (99.00000, 101.00000) (23.06016, 23.24290)
02 (02 03) (0.490, 0.510) (0.000, 0.000) (75.55788, 76.60304) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (48.96932, 51.03073) (0.00000, 0.00000)
04 (04 05) (1.490, 1.510) (0.000, 0.000) (23.39965, 24.44026) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) ( 1.00000, 1.00000) ( 22.99649, 23.30833)
06 (06 07) (2.000, 2.000) (0.490, 0.510) ( 1.00000, 1.00000) ( 56.91661, 56.87681)
07 (07 08) (2.000, 2.000) (1.000, 1.000) ( 1.00000, 1.00000) ( 23.24250, 23.05981)
08 (08 09) (1.490, 1.510) (1.000, 1.000) (23.39700, 24.44218) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (48.96911, 51.03053) (0.00000, 0.00000)
10 (10 11) (0.490, 0.510) (1.000, 1.000) (75.55982, 76.60038) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (99.00000, 101.00000) (22.99690, 23.30868)
12 (12 13) (0.000, 0.000) (0.490, 0.510) (99.00000, 101.00000) (56.87512, 56.91502)

® Value 0.6
01 (01 02) (0.000, 0.000) (0.000, 0.000) (99.60000, 100.40000) (23.11518, 23.18828)
02 (02 03) (0.496, 0.504) (0.000, 0.000) (75.87142, 76.28948) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (49.58766, 50.41222) (0.00000, 0.00000)
04 (04 05) (1.496, 1.504) (0.000, 0.000) (23.71154, 24.12778) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) ( 0.40000, 0.40000) ( 23.21390, 23.08919)
06 (06 07) (2.000, 2.000) (0.496, 0.504) ( 0.40000, 0.40000) ( 56.90601, 56.89009)
07 (07 08) (2.000, 2.000) (1.000, 1.000) (0.40000, 0.40000) ( 23.18789, 23.11481)
08 (08 09) (1.496, 1.504) (1.000, 1.000) (23.71056, 24.12864) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (49.58762, 50.41219) (0.00000, 0.00000)
10 (10 11) (0.496, 0.504) (1.000, 1.000) (75.87228, 76.28850) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (99.60000, 100.40000) (23.08959, 23.21427)
12 (12 13) (0.000, 0.000) (0.496, 0.504) (99.60000, 100.40000) (56.88844, 56.90441)

® Value 1.0
01 (01 02) (0.000, 0.000) (0.000, 0.000) (100.00000, 100.00000) (23.15177, 23.15177)
02 (02 03) (0.500, 0.500) (0.000, 0.000) (76.08045, 76.08045) (0.00000, 0.00000)
03 (03 04) (1.000, 1.000) (0.000, 0.000) (49.99992, 49.99992) (0.00000, 0.00000)
04 (04 05) (1.500, 1.500) (0.000, 0.000) (23.91960, 23.91960) (0.00000, 0.00000)
05 (05 06) (2.000, 2.000) (0.000, 0.000) (0.00000, 0.00000) ( 23.15138, 23.15138)
06 (06 07) (2.000, 2.000) (0.500, 0.500) (0.00000, 0.00000) ( 56.89831, 56.89831)
07 (07 08) (2.000, 2.000) (1.000, 1.000) (0.00000, 0.00000) ( 23.15138, 23.15138)
08 (08 09) (1.500, 1.500) (1.000, 1.000) (23.91960, 23.91960) (0.00000, 0.00000)
09 (09 10) (1.000, 1.000) (1.000, 1.000) (49.99992, 49.99992) (0.00000, 0.00000)
10 (10 11) (0.500, 0.500) (1.000, 1.000) (76.08045, 76.08045) (0.00000, 0.00000)
11 (11 12) (0.000, 0.000) (1.000, 1.000) (100.00000, 100.00000) (23.15177, 23.15177)
12 (12 13) (0.000, 0.000) (0.500, 0.500) (100.00000, 100.00000) (56.89668, 56.89668)

Fig. 14 Interval range, output data: temperatures, node 2; , lower
bounds; and , upper bounds.

Fig. 15 Interval range, output data: temperatures, node 8; , lower
bounds; and , upper bounds.

Fig. 16 Interval range, output data: � ux density, node 12; , lower
bounds; and , upper bounds.

Fig. 17 Interval range, output data: � ux density, node 6; , lower
bounds; and , upper bounds.
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same interval ranges of the input data). Note that we cannot simply
take the lower and upper bound values of the output parameters
to represent the lower and upper bounds on the solution (output)
just because we used lower and upper bounds of the input data
in the calculations. The real lower and upper limits on a response
parameter can only be established by conducting a combinatorial
analysis. The results given by the interval analysis (Table 6) have
been found to represent more realistic interval ranges of the output
parameters for different values of ®.

Conclusions
A methodologyis presentedfor the fuzzyboundaryelement anal-

ysis of impreciselyde� ned systems.The feasibilityof the method is
demonstrated through a simple potential � ow problem. The exten-
sion of the methodology for the solution of complex engineering
analysis problems, including structural applications, is currently
under investigation. This methodology permits the use of a new
philosophy for the solution of engineering analysis problems in-
volving impreciselyde� ned geometry, external actions (loads), ma-
terial properties,and boundaryconditions.When membership func-
tions are constructedfor the imprecise quantities, the fuzzy calculus
and integration techniquesare used to derive the boundary element
equations. The resulting fuzzy system of equations are solved us-
ing the theory of interval equations. It is established that a fuzzy
number in R does not have an additive inverse, and the operation
of fuzzy multiplication is, in general, not distributive. Hence, clas-
sical solution techniques, such as Gaussian elimination, cannot be
extended to fuzzy equations directly. In this work, the fuzzi� ed ver-
sion of Gaussian elimination, with a truncation scheme, is used to
obtain reasonably accurate response parameters. For larger bound-
ary element models, solution methods that are more robust and ef-
� cient will be required. An alternative to the truncation method is
to use a scheme that considers the interaction of fuzzy numbers as
outlined by Bonarini and Bontempi for the solution of differential
equations.34

References
1Contreras, H., “The Stochastic Finite-Element Method,” Computers and

Structures, Vol. 12, 1980, pp. 341–348.
2Nakagiri, S., Suzuki, K., and Hisada, T., “Stochastic Boundary Element

Method Applied to Stress Analysis,” Boundary Element V, edited by C. A.
Brebbia, T. Futugami, and M. Tanaka, Springer-Verlag, Berlin, 1983, pp.
439–448.

3Drewniak, J., “Boundary Elements for Random Heat Conduction Prob-
lems,” Engineering Analysis, Vol. 2, No. 3, 1985, pp. 168, 169.

4Brurczynski, T., “The Boundary Element Method for Stochastic Poten-
tial Problems,”ApplliedMathematicalModelling, Vol. 9, 1985,pp.189–194.

5Lu, X., “ProbabilisticBoundaryElement Method,”ReliabilityEngineer-
ing and System Safety, Vol. 37, 1992, pp. 123–127.

6Serrano, S. E., and Unny, T. E., “Boundary Element Solution of the
Two-Dimensional Groundwater FlowEquationwith Stochastic Free Surface
BoundaryCondition,”Numerical Methods in PartialDifferential Equations,
Vol. 2, 1986, pp. 237–258.

7Cheng, A. H.-D., and Lafe, O. E., “Boundary Element Solution for
StochasticGroundwater Flow: Random BoundaryConditionand Recharge,”
Water Resources Research, Vol. 27, 1991, pp. 231–242.

8Cheng, A. H.-D., Abousleiman, Y., Ruan, F., and Lafe, O. E., “Bound-
ary Element Solution for Stochastic Groundwater Flow: Temporal Weakly
Stationary Problems,” Water Resources Research, Vol. 29, 1993, pp. 2893–

2908.
9Kaljević, I., and Saigal, S., “Stochastic Boundary Elements for Two-

Dimensional Potential Flows in Homogeneous Domains,” International
Journal of Solids and Structures, Vol. 32, 1995, pp. 1873–1892.

10Manolis, G. D., and Shaw, R. P., “Wave Motion in Random Hydroa-
coustic Medium Using Boundary Integral/Element Methods,” Engineering
Analysis with Boundary Elements, Vol. 9, 1992, pp. 61–70.

11Manolis, G. D., and Shaw, R. P., “Boundary Integral Formulation for
2D and 3D Thermal Problems Exhibiting a Linearly Varying Stochastic
Conductivity,” ComputationalMechanics, Vol. 17, 1996, pp. 406–417.

12Callerio, A., Casciati, F., and Faravelli, L., “Dynamic Analysis of
Stochastic Media by Boundary Elements,” Computational Mechanics ’95,
edited by S. N. Atluri, G. Yagawa, and T. A. Cruse, Springer-Verlag, Berlin,
1995, pp. 2994–2999.

13Lafe, O. E., and Cheng, A. H.-D., “A Global Interpolation Function
Based Boundary Element Method for Deterministic, Non-Homogeneous
and Stochastic Flows in Porous Media,” Computers and Structures, Vol. 56,
1995, pp. 861–870.

14Zhu, J., and Satish, M. G., “A Boundary Element Method for Stochastic
Flow Problems in a Semicon� ned Aquifer with Random Boundary Condi-
tions,” Engineering Analysis with Boundary Elements, Vol. 19, 1997, pp.
199–208.

15Breitung, K., Casciati, F., and Faravelli, L., “A Random Field Descrip-
tion for Stochastic Boundary Elements,” Engineering Analysis with Bound-
ary Elements, Vol. 19, 1997, pp. 223–229.

16Roy, R. V., and Grilli, S. T., “Probabilistic Analysis of Flow in Random
PorousMediaby StochasticBoundaryElements,”EngineeringAnalysiswith
Boundary Elements, Vol. 19, 1997, pp. 239–255.

17Zadeh, L. A., “Fuzzy Sets,” Information and Control, Vol. 8, 1965, pp.
338–353.

18Rao, S. S., “Description and Optimum Design of Fuzzy Mechanical
Systems,” Journal of Mechanisms, Transmissions, and Automation in De-
sign, Vol. 109, No. 1, 1987, pp. 126–132.

19Rao, S. S., “Multi-Objective Optimization of Fuzzy Structural Sys-
tems,” International Journal for Numerical Methods in Engineering, Vol.
24, No. 6, 1987, pp. 1157–1171.

20Rao, S. S., and Sawyer, J. P., “Fuzzy Finite Element Approach for the
Analysis of Imprecisely De� ned Systems,” AIAA Journal, Vol. 33, No. 12,
1995, pp. 2364–2370.

21Civanlar, M. R., and Trussell, H. J., “Constructing Membership Func-
tions Using Statistical Data,” Fuzzy Sets and Systems, Vol. 18, 1986, pp.
1–13.

22Kaufmann, A., and Gupta, M. M., Introduction to Fuzzy Arithmetic:
Theory and Applications, International Thomson Computer, Boston, 1991.

23Neumaier, A., Interval Methods for Systems of Equations, Cambridge
Univ. Press, New York, 1990.

24Zadeh, L. A., “The Concept of a Linguistic Variable and Its Application
to Approximate Reasoning Part 1,” Information Sciences, Vol. 8, 1975, pp.
199–249.

25Zadeh, L. A., “The Concept of a Linguistic Variable and Its Application
to Approximate Reasoning Part 2,” Information Sciences, Vol. 8, 1975, pp.
301–357.

26Zadeh, L. A., “The Concept of a Linguistic Variable and Its Application
to Approximate Reasoning Part 3,” Information Sciences, Vol. 9, 1976, pp.
43–80.

27Zimmermann, H.-J., Fuzzy Set Theory and Its Applications, 3rd ed.,
Kluwer Academic, Boston, 1996.

28Nanda, S., “On IntegrationofFuzzyMappings,”FuzzySets andSystems,
Vol. 32, 1989, pp. 95–101.

29Dubois, D., and Prade, H., An Approach to Computational Processing
of Uncertainty, Plenum, New York, 1988.

30Buckley, J. J., “SolvingFuzzy Equations,”Fuzzy Sets and Systems, Vol.
50, 1992, pp. 1–14.

31Zhao, R., and Govind, R., “Solutionsof Algebraic Equations Involving
Generalized Fuzzy Numbers,” InformationSciences, Vol. 56, 1991, pp. 199–

243.
32Rao,S.S., and Chen,L., “Numerical SolutionofFuzzyLinear Equations

in Engineering Analysis,” International Journal for Numerical Methods in
Engineering, Vol. 43, 1998, pp. 391–408.

33Rao, S. S., and Berke, L., “Analysis of Uncertain Structural Systems
Using Interval Analysis,” AIAA Journal, Vol. 35, No. 4, 1997, pp. 727–735.

34Bonarini,A., andBontempi,G., “AQualitativeSimulationApproach for
Fuzzy Dynamical Models,” ACM Transactions on Modeling and Computer
Simulation, Vol. 4, No. 4, 1994, pp. 285–313.

S. Saigal
Associate Editor


